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Abstract 

We propose a model which represents a four-dimensional version of Ponzano and 
Regge's three-dimensional euclidean quantum gravity. In particular we show that 
the exponential of the euclidean Einstein-Regge action for a 4<i-discretized block is 
given, in the semiclassical limit, by a gaussian integral of a suitable 12j-symbol. 
Possible developments of this result are discussed. 



Preprint FNT/T 92/37 (October 1992) 



2 



In 1968 Ponzano and ReggeB discovered a deep connection between the expansion 
of a Racah-Wigner 6j-symbol for large values of its angular momenta and the partition 
function for 3<i-euchdean quantum gravity, discretized according to Regge's prescription!. 
In the early 80 's other authorsi' i added some interesting results to the original idea, but 
it is just during the last year that new exciting results have been provided!' & 3> i. 
Before addressing our main topic, and in order to fix notations which will be used in the 
following, we give a brief review of ponzano and Regge's model. The asymptotic form of 
the Racah-Wigner 6j-symbol reac 




J ^^=—cos{S R [T]+it/A) (1) 

where J m = 0, 1/2, 1, 3/2, 2, . . . for each m = 1, 2, . . . , 6 and units are chosen for which 
H — G — 1 (G is the Newton constant). The geometrical interpretation of the right-hand 
side of the former expression relies on the tetrahedral symmetry of the 6j-symbol. The 
six quantities (J m + 1/2), m = 1, 2, . . . , 6, can be associated with the edges in the surface 
of a tetrahedron r embedded in R 3 . T is the tetrahedron (more precisely, the 3-simplex) 
obtained by filling in the surface r with a portion of flat 3-space (see fig. 1). Vr is the 
euclidean volume of T, and finally S R [T] is the euclidean Einstein- Regge action for T, 
namely!: 

S R [T] =J2(J m + l/2)9 m (2) 

m=l 

where 8 m is the angle between the outer normals of the two faces of T which share the m- 
th edge. (Recall that the euclidean Einstein-Regge action in dimension d is a discretized 
versioni of the usual Einstein-Hilbert action / d d x^fgR for a smooth riemannian manifold 
(Ai d , g) when one takes a simplicial decomposition M d into euclidean <i-simplices; the 
curvature is associateted with the collection of the (d — 2)-simplices, or bones). 
In the limit J m ^> 1 , we may disregard 1/2 with respect to J m in (2), and thus rewrite 
(1) (up to a constant phase factor) simply as: 

"PPP" {exp{i ]T J m e m }) = "PFP" {exp{iS R [T\}) (3) 

m=l 

where n PFP v means "take the positive frequency part of (...)", and the symbol ~ 
stands, from now on, for the limit J m ^> 1. Expression (3) represents the semiclassical 
limit of the partition function for 3<i-euclidean Einstein-Regge gravity involving just one 
elementary building block, namely the tetrahedron T. In order to consider the case of 
a generic 3c?-simplicial manifold M 3 of fixed topology, one has to perform the following 
steps: i) associate with each 3-simplex in M 3 a 6j-symbol; it) take the sum over the 
"internal edges" of the simplicial dissection of the product of these 6j's and Hi) multiply 
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by suitable additional factors. After a regularization, one gets the semiclassical partition 
function for M 3 . This procedure is extensively illustrated elsewhereB H i, so that we do 
not insist anymore on this point. 

One of the main open problem connected with the procedure outlined above is 
the impossibility of extending it to higher- dimensional cases, and in particular to the 
physically significant case of 4<i-quantum gravity. This paper represents a first progress 
in this direction. In particular, we shall provide a Ad version of the asymptotic formula 
(3) involving in its right-hand side the euclidean Einstein-Regge action for a suitable Ad- 
simplex. On the left-hand side there will be a gaussian integral of a 12j-symbol according 
to the procedure which we are going to describe. 

The 3nj-symbols (n = 2,3,.. .) appear in the quantum theory of angular momentum 
when one performs the decomposition of tensor representations of the group SU (2) into 
the direct sum of irreducible representations. Consider in particular the 12j-symbol of 
the first kind (we adopt from now on the notation of Yutsis et al. 0): 



3l J2 33 J4 

li l 2 h h 
k fci k 2 k 3 k A 4 



(4) 



where all j's, Z's and fc's run over {0, 1/2, 1, 3/2, 2, . . .}. 

Upon imposing the condition j'4 = 0, one gets what we shall call the reduced 12j-symbol: 

J , 2 J , 3 " I f reduced , 
k h k U } = \ U j } (5) 



h k 2 k. 
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where the shorthand notation in the right-hand side will be used whenever the specification 

of the arguments will be clear from the context. 

The symmetry properties of the reduced 12j-symbol tell us that: 



reduced 
12j 



unless : I4 — k\ and l 3 = j 3 (6) 



from which we see that only 9 among the original parameters are independent. 

The reduced 12j-symbol can be related to a product of two 6j-symbols by means of an 

exact relation^ which, after a suitable change of variables, reads: 

Js jl % l\=N5(J,,J>)5(J 2 ,J[)5(J 6 ,J' (i ){ Jl f "MH j j) (7) 

j 5 j 4 j; j 6 J I Ji J5 Je J I J4 Js Je J 

where: 

N = (_i)^-J4+4+4-J 2 +J! /JJJl (8) 
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Owing to the presence of the three Kronecker delta's in (7), among the twelve angular 

momenta { J m , J' n }, (n,m = 1, 2, . . . , 6), only the correct number of independent J's and 
J"s survives, namely: 

{ Ji, J2, J3, J4, J5, Jq-, J^ J31 J'a) (9) 

The form of the decomposition (7) allows to evaluate the semiclassical limit of the reduced 
12j-symbol simply by applying the result of Ponzano and Regge (3) to each 67-symbol. 
Then we have: 

\ reduced \ N 8(a;b;c 



12j 



tto^to exp VL Jm9m + 1 £ J ' x (10) 



where: ~ stands for J m , J' n >> 1, (m, n — 1, 2, . . . , 6); a = J4 — J' 5 , b = J2 — J[, c = J§ — J' & ; 
8(a; b;c) = l if and only if 8(a) = 8(b) = 8(c) = 1, and 8(a; b;c)=0 otherwise. Vt[Vt'] is 
the volume of the tetrahedron T[T'] associated with the 6j-symbol containing { Jm}[{</n}]> 
m [9' n ] is the angle between the outer normals of the two faces of T[T'] sharing the edge 
■Jm[J n ]- 

Notice that in (10) we have omitted " PFP of the exponential" which appeared in (3); 
as we shall see, this is completely consistent within the framework of our procedure. 
Moreover, the argument of the exponential can be rearranged in order to take into account 
(9). To this end, we first introduce a relabelling of the nine angular momenta, namely: 

( Ji, J2, J3, J4, J5, J&i J'21 J'zi J'a) ~^ (<?i: J2, J?>i ■ ■ ■ , J9) (11) 
Then, according with this new enumeration, we can define: 

(61, (9 2 + 9[), 9 3 , (04 + 9' 5 ), 9 5 , (9 6 + 9' 6 ), 9' 2 , 9' 3 , 9> 4 ) = (^2, ^3, • • • , ^9) (12) 
With these substitutions (10) becomes: 



reduced 
12j 



NexpU^Jk^k) (13) 



1 y k=i ) 

where we took into account the fact that 8(a;b;c) = 1 and we set N = N/ y/12nV T • 

yJYlTtV T i. 

For a given real, non singular and symmetric 9x9 matrix A consider now the following 
multiple gaussian integral over the set of real variables {tpi}, (i = 1, 2, . . . , 9): 

Z [Ji ; A«] = / { Ted ^ d ) exp \-\ £ o..A,,r,l f[ (14) 



^ J 2 ^ 



j'=i 
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Replacing (13) in the above expression, and using the standard formula for gaussian 
integration, we find that in the semiclassical limit (i.e. in the limit Ji S> l)the following 
result holds true: 



where detA and A 1 are respectively the determinant and the inverse of the matrix A, 
and we put N = (2tt) 6 N. 

In order to interpret (15), recall that the form of the euclidean Einstein- Regge action 
for a generic 4<i-simplicial manifold M 4 with boundary <9M 4 is (up to an arbitrary term 
depending on the edge lenghts in the boundary )0: 




where b stands for "bone" ( in dimension 4 a bone is a 2-simplex where, according to Regge 
Calculus, curvature is concentrated) and A(b) is the area of b. The first sum in (16) is 
over the collection of bones belonging to the interior of M 4 , intM A , and e(b) represent 
the so called defect angle! associated with the bone b. The second sum is over the bones 
lying in the boundary of M 4 , <9M 4 , and a{b) has to be interpreted as the angle between 
the outer normals of the two boundary 3-simplices which intersect at b. 
Consider again our expression (15), and in particular the sum appearing as the argument 
of the exponential. The terms of this sum are quadratic in the angular momenta Ji, 
(i — 1,2, ... ,9), and thus are related to the area of some 2-dimensional geometric object. 
This circumstance relies on the geometrical interpretation of the reduced 12j-symbol. 
Begin then by recalling that, just like in the case of a 6j-symbol, the structure of the 
reduced 12j-symbol (5) can be associated with a diagram in R 3 (indeed, this is true for 
any 3nj-symbolB 0) . As is easily seen from fig. 2a, this diagram is given by the pair of 
tetrahedra T and T' joined along one of their face (cfr. also decomposition (7)). 
The effect on the reduced 12j-symbol of the gaussian integration performed in (14), at 
the semiclassical level (15), is to give rise to terms proportional to the product J m ■ J' n , 
for suitable m and n {cfr. (11)). The crucial observation is that the existence of such 
contributions can be explained in a coherent way only by allowing the appearance of a 
tenth edge besides the nine original Ji. The role of this new edge, the lenght of which 
will be denoted by L, becomes more transparent if we refer to fig.2b, where we show 
a representation of an euclidean 4-simplex a which is built up from the 3c/-simplicial 
manifold of fig.2a by joining in R 4 the upper and the lower vertices with an edge of lenght 
L. Then we see that o has three faces, namely (JiLJ' 2 ), (J3LJ3), (J5LJ4), which contain 
the edge L and which appear in (15) in three terms, proportional to J\ ■ J' 2 , J3 • J3 and 
J5 • J4 respectively. 

Then the sum in the exponential (15) can be related to the Einstein-Regge action (16) 
written for the 4-simplex a provided that we identify (up to some normalization factors, 




(15) 




8tiS r [M 4 }= £ Mb)<b)+ £ A(b)a(b) 



(16) 



b€intM 4 bedM 4 
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see below) the matrix elements (A l )k% with a suitable set of angles of the type e(b) and 
a(b). More precisely, we set: 



9 9 



j k {^' x )kiJi= E ®kiA, 



-hi 



(17) 




where A^i is the area of the 2-face of a containing Jk and Ji (up to combinatorial factors). 
According to (16), the angle Oki has to be interpreted either as a defect angle (if the 2- 
face containing Jk and Ji belongs to the interior of a), or as an angle between the outer 
normals of the two 3-simplices which share the (Ji, J7fc)-face (if this 2-face belongs to the 
boundary of a). For what concerns the explicit relation between the matrices A -1 and G, 
notice that the area A^ is, for each k, i = 1, 2, . . . , 9, a known function of the edges0 and 
also that obviously An = ( the reader may find elsewhere^! more information about the 
properties of the matrix ). 
Then, according to (15) and (17) we can write : 



where Sr[ct] is the Einstein- Regge action for the 4-simplex a. 

As we anticipated before, the right-hand side of this expression represents the semiclassical 
limit of the partition function for 4d-gravity and can be considered as a direct 
generalization of Ponzano and Regge's result (3). There is however an important 
difference. In our expression the euclidean action Sr[ct] appears in the exponential 
multiplyied by the exact factor needed in order to interpret the right-hand side of (18) 
as the semiclassical limit of an euclidean partition function. That is quite remarkable, 
as either in Ponzano and Regge's or in Turaev and Viro's models the presence of the 
imaginary unit % in front of the euclidean action has not been yet explained in a completely 
satisfactory way. 

Let us turn now to possible developments connected to our result (18). An important 
further step would be to show that a scaling relation similar to the existing relation 
for Ponzano and Regge's model (based on the Biedenharn-Elliot identity) holds trueS. 
Moreover, our result represents just the "elementary building block" for a 12j-model of 
4<i-euclidean gravity, so that another point to deal with should concern the possibility 
of writing a partition function for a generic 4<i-combinatorial manifold dissected into 4- 
simplices. 

Obviously, the most important issue to address concerns the set up of a regularization 
procedure yielding for a consistent continuum limit of our model. In the original 3c?-case 
of Ponzano and Regge such step has been implemented by exploiting the Turaev and 
Viro's quantum 6j-modeli' !' i. In this way it has been shown that the semiclassical 
continuum limit of the partition function of such q-model defines a naturally regularized 
path integral for 3c?-euclidean gravity. It is not clear if there is a suitable generalization 



Z[J;A kt } ~ NidetA)- 1 / 2 exp{-S R [a}} 
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of these models to our case, mainly because very little ( if not nothing ) appears to be 
currently available on quantum 12j-symbols. 

We are addressing this issue, but we have not yet been able to provide a definite answer 
to such questions. Nonetheless we are confident that this line of attack deeply probes into 
the structure of 4-d euclidean quantum gravity. 
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Figure captions 



fig. 1 

The diagram of the 6j-symbol is the 3-simplex T with boundary dT = r embedded in 
R 3 . (T, r) is homeomorphic to (D 3 ,S 2 ), where D 3 is the euclidean 3-disk and S* 2 is the 
2-sphere. 

fig. 2a 

The diagram of the reduced 12j-symbol is the 3<i-combinatorial manifold obtained by 
joining the two tetrahedra T and T' . Notice that the three edges of T (J4, J2, Jq) form a 
face which is glued to the face (J' 5 , J[, Jg) of T". 

fig. 2b 

The 4-simplex a can be represented in R 3 as the combinatorial manifold of fig. 2a with 
an additional edge of lenght L connecting two vertices as indicated ( the heavy line L 
should be thought as lying in the fourth dimension). This drawing gives however the 
correct vertex-edge-face scheme of a (a has 5 vertices, 10 edges and 10 triangular faces). 
a is topological^/ the 4-disk in R 4 with boundary the 3-sphere. 
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